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Stimulated electromagnetic shock radiation: Classical second-order calculations
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By performing classical, relativistic, second-order calculations we have shown that simulated electromag-
netic shock radiatioflSESR is given out as an enormously amplified, exponentially growing, frequency
upshifted, highly directional coherent electromagnetic radiation. We have derived expressions specifying the
electric field components of SESR in the most compact and readable form. Hence we have calculated the field
amplitudes of SESR for different sets of external controlling parameters and plotted some typical results in the
most sensitive region, viz., very near the threshold of superphase motion. We have also shown the variation of
SESR with respect to external parameters graphically. The results obtained are of importance in achieving a
tunable source of coherent radiation in the frequency region not covered by existing sources.
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[. INTRODUCTION shock front, with frequencies shifted markedly from that of
the incident wave. The emitted radiation is claimed to be
The interaction in a medium of an electromagnetic wavevery intense, coherent, and highly directional, and of fre-
and a relativistic electron beam possessing superluminal vejuency that is greatly upshifted from that of the incident
locity (exceeding the phase velocity of the electromagneti@lectromagnetic wave. Moreover, it is tunable, i.e., the out-
waves in that mediuinhas been considered by many work- put characteristics of the radiation can be varied over a wide
ers so faf1-13. A charged particle traversing a dielectric range of parameters obtainable by changing any one or any
with superluminal velocity emits Cherenkov radiatifi¥].  combination of characteristics of three physical agents that
It is the well known process of spontaneous Cherenkov raproduce this effect. They are the incident electromagnetic
diation that has been extensively studj&8,16 both experi- wave, the electron beam, and the polarizable medium. Be-
mentally and theoretically. When the charged particle poseause of these striking features the effect seems to be very
sessing superluminal velocity is additionally kept under theinteresting and useful for achieving a better, tunable source
influence of an external electromagnetic wave, it gets moduef coherent electromagnetic radiation of frequency not avail-
lated and hence emits stimulated Cherenkov radigtiam. able at present.
The currently developing devices of coherent electromag- However, the results obtained by Schneider and Spitzer
netic radiation, viz., Cherenkov free-electron laddi@], are  have some limitations. They used many simplifying approxi-
based on the process of stimulated Cherenkov radiatiommations such as the use of the electron’s mean position and
Stimulated electromagnetic shock radiation, the subject ofmean energy instead of using their time varying values ex-
the present paper, is a special case of stimulated Cherenklicitly. They considered only the first-order electric field
radiation in which a particular geometry, viz., head-on colli- effects and omitted the magnetic field effects which actually
sion of an electron beam and an electromagnetic wave, isecome significant for the electron ultrarelativistic motion.
considered. It is of interest from the theoretical as well as th&Vithout working out the interaction process rigorously by
experimental point of view because of its possible use foincorporating higher order calculations for the simplest case
generating coherent electromagnetic radiation in the freef dispersionless dielectrics, they have extended their, rather
guency region not covered by existing sources. approximate, analysis to more complicated situations of dis-
Schneider and Spitzer proposéd a mechanism for pro- persive and active media. Therefore their claims about
ducing coherent photons by interaction in a dispersive nonSESR, such as directionality, coherence, orders of magnitude
absorbing medium of relativistic electrons having superlumi-enhancement over ordinary Cherenkov radiation, and a sig-
nal velocity with counterflowing coherent electromagneticnificant frequency upshift compared to the incident electro-
waves, and namel®] the effectstimulated electromagnetic magnetic wave, need to be checked with more rigorous cal-
shock radiationN SESR [19]. In a series of interesting papers culations. Further theoretical work on this effect by Si@h
[1-6] they studied and discussed the properties of SESR. achary[7,10], Kroll [8], Becker[12], and Risbud13] did
involves a synergism between two known phenomenanot support most of the conclusions of Schneider and Spitzer
namely, the Doppler shift in frequency of Compton back-and exhibited somewhat contradictory results. Zachary’s re-
scattering from relativistic electrons in vacuy@0] and the  sults implied the requirement of an extension of the present
formation of a shock by a material body moving at a speedinear theory to second order or higher to take into account
greater than that of the waves it produces in the medium. Itecoil of the radiating particle. Becker's quantum mechanical
comprises the generation of intense radiation in the form of areatment[12] also concluded that a linear approximation
with respect to the intensity of the incident field is not suffi-
cient for Cherenkov type SESR.
*Electronic address: risbud@physics.unipune.ernet.in All the above mentioned dynamical calculations were
Electronic address: nck@unipune.ernet.in confined to linear response of the electron to the incident
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wave and the analysis needs to be supplemented by the study —4C +oo ) j(k,w)

of nonlinear effects such as the effect of the recoil of the B(X,t)= 2—)4V><J d®k do €1t X) Al
electron(which is due to the effect of the magnetic fied (27 "” wem¢
associated with the incident electromagnetic wawe the &)

Ir:t(ij(;?\tlso?r;v-lc;TVee egfrﬁd lﬁz;)?xg?ﬁ'sczlIyuglﬁ)snss'cglngngléhfocrzlﬁtl;'These equations are general in so far as external so(jices
y d p) are concerned, i.e., they hold for an arbitrary charge dis-

force equation in a polarizable medium. Because of the IM:bution of electrons in the incident beam.

portance of the effect we have done the calculations intro- =, " 0040 datermine electromagnetic fields we have per-

ducing second-order electric field effects on SESR. For SiIMz rmed the complicated multiple integrals appearing in Egs.

p!icity, we have_ restripted C(_)nsideration o a n_onma_gnetic(l) and (2) with the substitution of the driving terms, viz.
dispersionless dielectric medium, although the dispersive na- ' ’

) o : . p(k,w) and j(k,w), appropriate for the situation under
tsuéesg the dielectric is expected to play an important role Instudy. For that we have calculated Fourier transforms of the

In this paper we present our work in the following five charge.d_ensitp(R,t) and t_he current densifyR,t) by fir_st
sections. In Sec. Il we give a general outline of the metho etermining the time varying yeloch(t) and the posmon
by which we have tackled the problem mathematically. In (t) of the electron under the influence of the incident elec-
Sec. lll, we outline the major steps involved in the calcula-tromagnet'c wave by, solvm_g the Loreniz force equation that
tions and discuss the meaning of the main results of oupOVems the electron’s motion.
present work specified by Eq&26), (27), and (28) below
representing the electric field components of SESR, and IIl. CALCULATIONS
compare them with the results of previous works. As the |5 the following we consider the electromagnetic wave
results expressed by Eq26)—(28) are not suitable for cal- jnieracting as a whole with the electrésingle particle inter-
culating the field strengths of SESR, we have performed in.tion Therefore, we retain in addition to the electric field
Sec. IV an integration with respect ® and obtained the  (erm the magnetic field term in the Lorentz force equation.

results in nice, compact, and readable form as given by Eqshe effect of the magnetic field is seen to induce recoil in the
(35), (36), and(37). These expressions are more suitable forg|actron’s motion. We have done the second-order calcula-

numerical calculations of the field components and they als‘ﬁons by retaining terms up tEé which are sufficient to
exhibit all the characteristics of SESR. We have also Calcul'nclude magnetic field effects. We have taken the electron’s

lated the field strengths of SESR by varying the parameters varying position and energy explicitly in the calcula-

in their entire feasible ranges. Section 1V is devoted to NU%ions and used relativistically correct equations throughout.

merical estimates and their analysis. In Sec. V the graph'cﬁﬂowever, in our expression the magnetic field is not explic-

representation of the numerical calculations of the results 'ﬁly seen as we have expressed it in terms of the electric field
shown by Figs. 1-10. Section VI is devoted to a sUMMary, <o ciated with the electromagnetic wave

and conclusions. In the situation under consideration, with respect to the
laboratory frame of reference, we write the charge and cur-
rent densities respectively as

In this paper, by using the method of Fourier transforms,

1. GENERAL OUTLINE

we have obtained the second-order solutiomsnlinear re- p(r,t)=—ed(r—R(t)), ©)
sponse of the electron to the incident wawé Maxwell’'s
equations that specify the electromagnetic fields that gener- jr,)=—eV(t)8(r—R(1)), 4

ate SESR in the configuration of a linearly polarized plane

electromagnetic wavéof amplitudesE,, B, and frequency where § denotes the Dirad function, e is the magnitude of
o) colliding head on with a relativistic electron beam pos-the electronic charge/(t)=dR(t)/dt, R(t) is the position
sessing superluminal velocity, (vo>c/ng, ny=+ew  Of the e]ectron at time in the f|§Id of the incident eleptro—

= refractive index along theZ axis in a nonmagnetic homo- Magnetic wave, andis the position of an observer at time
geneous isotropic linear dispersionless dielectric medium of he Lorentz force on the electron due to the incident elec-
infinite extent. We assume that the electron’s velocity is justromagnetic wave in a mediuf21,22 is

above (i.e., very much in the vicinity ofthe threshold of
superphase motion. We have used standard notation and
Gaussian units throughout this paper. Using Fourier trans-
forms of all quantities, namelE, B, p, andj, appearing in
Maxwell's equations, their general solutions are written asvhere mq is the rest mass of an electrony=(1
[13] —VZ/CZ)_:L/Z,

Ami [+ _E- i Ckez)=OE.
E(X,t)=(2:)4f d3k dw Ei=Eo sin(wot —koz) =YE; (6)

d Y
F:a('}’mov):_e E|(R,t)+EX(B|(R,t)) Y€ (5)

- and
)[wj(k,w)—czkp(k,w)/e]

i(wt—k-X . &
xe p— @ B,= By sin(wot — ks2) =XB, %)
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are, respectively, the electric and magnetic fields of the inci- X(t)=0, Y(t)=b cos 20t, Z(t)=v4t+asin 4Qt,
dent electromagnetic wave at the electron’s position, and (15)

N " wpon — 2 — o
Bi:nOkOXEi ' ko=—=—Z, |k0|: 0 0. (8) wherea 30/7049, b bo/ngO, andUo [22) 4a().
Kol c To calculate inverse Fourier transforms of the charge and
current densities we use the definition of the inverse Fourier
Due to the relativistic anomalous Doppler eff¢28,24 the  transform as

frequency of the electromagnetic wave experienced by the

electron is 4o (4o [Hoo [+ .
p(k,a))=f f f J dtdx dy dzo(r,t)e '(@t=kn

~ Yowo(1+ BoNo)
~ Bohgcosby—1"’ © (16

)~ 12 and

where By=|Vvo/c|, yo=(1—B2) 2 andd, is the observa-
tion angle measured with respect to the electron velocity di- e e i e
rection. We assume that the initial velocity of the electron isj(k,w):j J J J dtdx dy d #(r,t)e (et=kn),
very slightly above the threshold value for superphase mo- o J-w Jo J o
tion. We seek the solutions of the Lorentz force equati)n (17
in the form[25]
We use the components B{t) andV(t) from Egs.(15) and
_C _C B (14) in Egs. (3) and (4), substitutep(r,t) andj(r,t) thus
Uz_n_o(1+“u2)' Uy T, My vx=0, (A0 hiained in Eqgs(16) and (17), and perform the integrals
with respect tox, y, z, andt appearing therein using the
whereu<1 andv|;_,=V,, because of the boundary condi- properties of thes function and the following relations for
tions, viz.,u,|;-o=1, uy|{-o=0. Using Eq.(10) in Eq. (5)  the Bessel functionf27]:
and linearizing with respect tp we get[26] the electron’s

velocity as +=
exp(xiasing)= >, Jj(a)exp =il 6), (18)
vy=—bgsin20t, v,=vo+uv), (11) 1=
where v,=ag(cosd—1), a,=cfd/16Q%n,, and by +o
=cd/2Qn,. exp(xiacosh)= >, Jn(a)expEime)(=i)™.
m=—owx

The velocity of the electron in the inertial frame moving
with velocity vy with respect to the laboratory is (Q,,v;).

Transforming to the laboratory frame of reference, using the . . .
Lorentz transformation equatidi24], we get the electron’s We obtain the following expression for the transformed den-

(19

velocity and position, respectively, as sities:
’ +o
1% .
V<t>=(o,ﬂ,vo+—§ (12) p(k,0)=—2me > ™" (bk,)In(ak,)
Yo Yo M=o
and X 8(w—kvj—20(1+2m)), (20
RO=[ 0 y(t)wot + 2t 13 -
(= ’Yoy( )Vo 7(2)2( ) (13 jy(ko)=meb > el ™01 bk )J,(ak,)
I,m=—x
wherey(t) = fv,(t)dt andz(t) = [v,(t)dt. YT S(w—ko!—20(+2m+1
Substitutingy, andv,, from Eq.(11) in Egs.(12) and(13) [8(0=kvg (I+2m+1))
and integrating with respect towe get the following com- —8(w—kp{—2Q(1+2m—1))], (21)
ponents for the velocity/(t) and positionR(t) of the elec-
tron with respect to the laboratory frame: Ix(kK,0)=0, jk,@)=jot+]1, (22)
b
V,(1)=0, Vy(t)=—y—osin 201, where
0
a (14) + o0
V(1) =vo+ —3 (cos A2t —1) jo=—2mevy 2, el (bky)In(aky
Yo sm=—
and X 8(w—Kwy—2Q(1+2m)), (23)
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o ) 2i o 2 + o + o
ji1= —47-rea.QI m;m el ™23, (bky)Im(ak)[ S(w—kug E(r,t)= WJO kpdkpj0 d¢ﬁm dkzﬁx do

—20(1+2m+2))+ 8(w—kpi—2Q(1+2m—2))]. X gilwt—kpp codd—¢") —ksz]

(29 wj(k,w)—(c?k/€)p(k, )

X
w’e—c’k?

(253

The transformed densities given by E(&0)—(24) are the
driving terms in Eqs(1) and(2). The most important part of
the calculations starts here. To determine the electromagne
fields in the situation under study we have to substitute the

tyge note that Eq(258 written componentwise implies

values ofp(k,w) andj(k,w) specified by Eqs(20)—(24) . ck,
into Egs.(1) and(2) taken componentwise and perform the E,| o) (K, @)= TP(k'w) ' (250
multiple integrals appearing therein. We give the details of
the calculations in Appendix B. The parameters appearing in ,
Eq. (15, viz., b=eEgngyn3—1y/20°myy, and a . ck,
=e?E2ng(n3—1)2y?/32cQ°m2y2 contain all the external Epm[wjp(k’w)_Tp(k’w) ’ (259
controlling factors of the process, the field strenBth field
frequencywg, electron energyyy, and refractive index of 5
the mediumng. In terms of the induced velocity; E ocﬂp(k ) (250
=eE,/myQ and B;=v,/c the parameterd and a can be 7 € Y
written as
where the components of the transformed source densities
c “om y ,C No(N3—1)2 42 are given by Eqs(20)—(24). Using relations(25b), (250,
b= g; a2 o L R and (25d) we write Eq.(2589 componentwise, perform the
Yo Yo

multiple integrals appearing therein, make the approxima-
tions mentioned, simplify, and obtair28] the main result
We assume that the incident electromagnetic wave is o$pecifying the electric field of the emitted radiation as

small intensity(i.e., possessing field strengths considerably
less than the breakdown voltaged 0*statvolts/cm. There-
fore, the dielectric gives a linear response to the fields and
the induced velocities are quite smajg;&10 3). In that
case the magnitudes of the parameterand a are mainly

e i wt (2) CZk
Ez(r,t)zﬁ wdwe HO (pA) 1- con!

0

272 2
governed byB; asbx g, andaocﬁiz. As ;<10 3% anda/b % 1_b_A e”‘Z—H(Z)(pA+)[<1— ¢ *)
<10 *, we say thab is the first-order parameter j; anda 4 0 - €wvg

is the second-order parameter@n(and therefore also in the b2A2  ak 2a0) b

electric field. It is through these parametdrsanda that the % SRRy e ikezy ~ gF (mif2)

interaction of the incident electromagnetic wave with the 8 2 v 2

electron beam has entered into the problem. We note from
the expressions of the induced charge and current densities
given by Eqgs.(20)—(24) that the effect of the external elec-
tromagnetic wave is included in the problem throdgéinda
coming from the product of the Bessel functions, viz.,
2 mdi(bky)Im(ak,). As J,(bky)oc(bky)' and J(ak,)
«(ak,)™, different powers of the parametelnsand a enter

into the calculations when the sums with respect &amd m

E (r,t)=

cZkL)

€WV

XH?)(pA;)[A;( 1—- e—ik’ﬂ], (26)

° fd ot} — AH A(l bzAz)

are taken. As the second-order parametés at least four we-ikzy A_tH(z)( A.)

orders of magnitude smaller than the first-order parantgter 2v) 0 1P

we neglect the third-order parametdras compared tb? or -

a and the fourth-order parametaf as compared tab, and b A% " b%eQ Cik.z

S0 on. X 2 a ++ﬁ—2C w||e F

Therefore we retain terms containibgb?, anda, while

neglecting all higher order terms containiag,b®, ..., etc., " € i, (2) , (1 Q ikrz]
> 3 : . . —e"MPHP (pAL )| =+ 5w |e k=2,

anda“,a’,..., etc., in the calculations. For convenience we € C

change to a cylindrical coordinate system whttk, , ¢,k,),

r(p,¢".2), j(i,=ly.J$=0j2), K-r=Kk,pcosip—¢’), and
d3k= k,dk,d¢ dk,. Using Eq.(1) we write the electric field
E(E,.E4.E,) as and
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e _ b2A2\ (31 can be shown to vanish. Thus our rediutt the special
Equ(r,t)= Tf dowe€' “’t[ ng)(pA)( 1- 2 )e"‘z case of no external electromagnetic waggactly reduces to
€Uo the well known expressions of Tamf29].
A We observe that the terms appearing in our result given
e k=2 by Egs. (26)-(28) are of two types; viz., Cherenkov-like
terms containing the phase factqrwhich we call CR-like
b . terms, and terms different from CR containing the phase fac-
+ Eer"ZA;HgZ)(pA;)e'k:Z], (28)  tor k. andk’., which we identify as true SESR terms. The
CR-like components show radiation of frequencies the same
where+ terms with= suffixes are written together for con- &S that of CR, but with modified amplitudes, while the true

2pA2
+HP(pA.) DA L2k
0 - 8 ~ 4

venience, but are to be read as separate terms, and SESR compogents show a frequency shift. The terms con-
taining a or b~ specify the second-order field effect. The
1) €w? w40 first-order parametdn is absent in CR-like terms and so the
2 2 - . . . . .
k= o A Z?—k v ke= o CR-like SESR is a second-order field effect. This conclusion
0 0 is quite consistent with Eq5.27 of Becker[12], in which
2 only second-order terms in intensity of the incident field are
€w w20 . -
Al=——K:, K=", seen in the power spectrum. As the treatment of Becker is
¢ Vo guantum mechanical, a more exact comparison is not pos-
5 sible. Moreover, Becker omitted the most sensitive region
A'2:€i_kr2 which is very near the threshold, but we have mainly con-
¢ T centrated on thgB32]. The SESR components show both the

_ . first- and second-order field-induced terms. As CR hag jo
Equations(26)—(28) are the main results of our present component, getting radiation with,, given by Eq.(28) is a
W0rk. They SpeCify the electl’iC f|e|d Of the em|tted radiation field-induced effect due to SESR. Moreover, our resu|t,

in the situation under study. The SESR field is denoted bynhrough the parameter and b, can quantitatively specify

E(E,.E4.E;) where the component§,, E;, andE, are  tne effect of all the controlling parameters, ViEq, g, No,
given, respectively, by Eq$27), (28), and(26). In order to  5n44,, on SESR.

extract the meaning of the main results, it is desirable t0 Tne first-order term of our result for the, component

simplify these expressions and see how they compare Withiyen py Eq.(27) shows consistency with Zachary[40]
the results of previous work. __result. The term containing the factorsbeQw/c? in Eq.
Therefore, we consider a limiting situation, viz., that in 27) can be identified as the transverse SESR field, fz.,
which there is no electromagnetic wave, i.e., the situation Ogiven by Zachary's[10] Eq. (2.13. However, our result
ordinary Cherenkov radiatiofCR). In that case the field- gnows an  additional multiplying factor irE,, viz.,
dependent parameteasandb are zero. Puttinga=bfo_ in [no /—z—no_ 1/2(1+ Byno) ], and an additional factai2 ) for
qus.(Z@)—(ZS) we get the components of the electric field of the shifted frequency). Our result forE, also shows an
the emitted radiation as additional first-order terninot obtained by Zachajgontain-
ing the factor p/2). We attribute this difference to the re-
—2) finement in calculations introduced by taking the electron’s
€Bo time varying position and energgrather than their mean
(29 valueg and using relativistically correct expressions explic-
e itly. Therefore our results are more exact. The first-order
i(wt=kD 2 ATV [eB2— term containing of Eq. (26) also agreesin magnitudé with
26v§f dowe Ho (PAo) Vo~ 1 the longitudinal SESR field given by Risb{di3], viz., the
(30 second term of their Eq26). However, as the final expres-
. sions specifying the fields of the SESR obtained by Zachary
_m i(wt—k2)py(2) , [10] and Risbud13] are not in closed forrhdue to unevalu-
Eq(11) ng doe Ho™(pAo). @D ated partial differentials appearing outside the integrals in
Egs.(2.14 and (2.15 of Zachary[10] and Eq.(26) of Ris-

€ .
EArD=5c f dwwe'““z)HéfkpAg)(l—

E,(r,t)=

where bud[13]] a more exact comparison of the results is not pos-
sible. As the results given by Eq®6)—(28) are not suitable
A -y s for numerical estimation of the fields, we have performed the
Ao Vo Fo—1. integration with respect t@ and obtained expressions that

are suitable for numerical calculation of the field compo-
We note that Eqg29) and(30) exactly match the result Eqs. nents. This is done in the next section.

5.1 of Tamm[29], which specify thez and p components of
the electric field of Cherenkov radiation. The comporigpt
given by Eq.(31) appears to be additional in our calcula-
tions, but it is not so. By substituting the asymptotic value of Equationg26)—(28) are further written explicitly in terms
ng)(pA) or otherwisd 30,31], the integral appearing in Eq. of w as

IV. NUMERICAL ESTIMATES AND ANALYSIS
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E(r0)= oz | dowe™'| HZ(pA)u' ~ HP(pA.)
2\l 22 o PR 0 \PA=x

a

_. b o
X ialwi—2+a3 e+|49.z/v(')+ EALeer/z
w +

20 1

By @

XHE)Z)(pA'i) ,LL’I e+i292/v6], (32)

E (r,t)=ifdweiwt’ —AHP (pA) + A—tH(z)(pA+)
P 2ev) 0 v ° -

Uo

. ’ bE .
X[ia4w+a5]e+'4m/v0+ ?e+w|/2H§)2)(pAi:)

Q 1) _.
X i_2w+_e+IZQZ/UO}1 (33)
C €
and
me .
EAr0= 5y | due” [Héz)(pA)JrHEf)(pA:)
€V
Fi4Qzv | b _ 12 p
X[ia6w+a7]e+ v0+§e+ﬂ' Ai
XHE)2)(pA/t)eii2()zlu6], (34)
where
4 1 v(’)
t'=t——, '=1-——>]|, '=|—|, A?2=a,0?
U(l) K ( € (’)2) BO c 10
b c
AL =a;0Fbw—cy, A'f:alwzlflw—f,
By’ —1 80 160
=7, D1¥—3, C1¥ 7,
Vo Vo vy
_p'[a bby
A7 vy 4 )
o (b’c; 8aQ
aZ_E'BéZ 2 Ué ’
_ bzle 4aQ bzcllu/
a3_26,862 066,862 g
_ a b2b1 bZEQ _4aQ bzcl
a4_v(’) 4 2c2 ' 957 v 4
_a by
oy B
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a0 b’c, 8bQ)
A7="—"F"" "5 o :,—.
" g 8 ° €86’ \ay

Note that the first term i, given by Eq.(34) containing
H®(pA) does not contributgsince its integral can be
shown to vanish In the above equations the second-order
terms containingy;b? are not includedsince they are quite
smal)). Equations(32)—(34) clearly show that the true SESR
contains the frequency component@ 2nd 41, which are
upshifted fromwg, the frequency of the incident electromag-
netic wave. Therefore we denote them as SESR&hd
SESR-4) components. In order to calculate the strength of
the SESR fields we further integrd&3] the above equations
with respect tow and obtain the results
i( 401’
aloco

eBy’—1

1 ep(4ﬂ/u6\/7)

[e% +
9 \/;Ls/z p

e
Ez(f,t)Zﬁ

40z i [ 4Qt 40z
———|+iapsil ——— ——
oo | N g1 ug
ep(ZQ/vé\/T) 12—1 ’
+ [alsefi(ZQt'/(eBO )7202/1}0)] ,
p
(395
—e 1 (@) 401’
E (r,t)=z= + Co§ —5—
W(10=52 al4\/;—)L3/2 , @15 S('fﬂoz_l
40z " [ 4Qt 40z
——— | +iagsinl ——— ——
vy | N g1 ug
er(20/0gVu") 20t 207
+ co§ ——— ——
N S(eﬂé"'—l v )
) [ 20t 207z
+iagsinl —>————||(, (36)
€ 0 _1 Uo

—e [ epa01gVu’) 40t 40z
Ed,(r,t):ﬁ[ p a20CO{m—v—6)
L] A0 a0z
er@olu[ 20t 2027
37
where

!

ReL>0, L=t'—p\/a—, (1924(;‘4?-,

2
2a2+ albl

d10— —— y
T a 2(a)”
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byas ag| b3 ¢ 12 when the external parametes, wq, Yo, Bo, andng are
an= I 485 |\ T T4 specified. In order to study the variation of SESR with re-
(a1) 1 ;
spect to external parameters, we have scanned the values in
14 Q their entire feasible ranges<%E,<3x 10 statvolts/cm, 5
1a— ca ys= A as X 10’< wo<5% 10'°Hz, and 1.000 25n,<6.
4efy’ eBLrvon’ As u=(Bono—1), by choosing 10°<u<10"1, we
have determined allowefl, values for a givemg by using
1602, bc bb,Q Bi<107°. The numerical calculatipns show that as com-
alezz—\/—,, 0‘1727\/—* Q8= T3 pared to the normal CR the CR-like SESR gives a small
€C’a;vu €Bo"Vau 0% reduction, but the true SESR mode) and 4)) show an
orders of magnitude increase. As CR is quite wgHbk 35
_ Amay _ 27bjag the SESR-2 and -4) components, even though extremely
@20~ eﬁ’zx/a—l' X217 eB.2332’ large as compared to CR, do give feasible values of the fields
0 0=t of a few V/cm. The componeri, given by Eq.(37) is
22b b2 o |12 characteristic of SESkboth SESR-2 and SESR-), since
azzzL !y _1) CR-like SESR and normal CR do not possess any spich
eBya, | 16a; 4 components.

_ - _ The calculated values of the field components, in the en-
The compact integrated result specified by HG5)—(37) is  tire range, give the following conclusions. For the CR-like
more suitable for numerical estimation of the SESR fieldsSESR,

They also contain all the characteristics of SESR. The first
terms of Eqs(35) and(36) give CR-like fields while all the IE,|>|E,,
remaining terms along with those of E(7) give SESR P

fields in the two modes, viz. (2and 4). The coefficientsrg (1. the SESR-2 mode

and a4, specify the amplitudes of CR-like SESR in units of ’
e/2c?. When the external wave is absent, puttarg0 in aq

and a1, We recover the corresponding components of the

; ; 2
normal CR in units ok/2c” as and for the SESR@ mode.

[(E,) 20l >1(E)20]>(E )20,

1= g a=0=(E;)cr,  @19= @14a—0= (E,)cr-
[(E2) aal>1(E,) a0l >(Eg)aql.
Both modes of SESR show exponential amplification
along p and propagation nearly along tizedirection. We Since CR has n&,, component, getting, is a field-
identify, from the phase factors in the two equations, thénduced effect. The role dE ; and the source of energy are
components of the propagation vectors of the two modes oflear when we calculate Poynting’s vector. When the nega-

SESR as tive sign of the electron is explicitly included and the signs
' of the appropriate coefficientsrg—a,,) are also taken from
Koo — 20Q) 0 20 €epy numerical calculations, different components of the electric
20 v(’)\/f’ " ovh(eByi—1) field are found to have the following signs. For CR-like

SESR,E,<0, E,>0, while for SESR-2, E,<0, E,>0,

and E,>0, and for SESR4@, E,<0, E,<0, E,;<0.
i We calculate the Poynting’s vect8e= (c/47)(EX H) for
Ko 4Q 0 40 epy SESR, usingH= (kX Eg)ny, and write its components in
log T voleBet 1)) units of cng/4= as follows. For CR-like SESR,

Hence we find the direction of propagation of both modes (Sp)criike™ 05 (Sy)cRriike™0-
with respect taz as the angle satisfying the equation
For SESR-2),

f=tan !

§) =sin 16, ) ,
k; (S,)20=—E3+E,(E,~E,)>0 since|E,|>|E,|>|E,,
where 6. is the angle of the CR cone.

The above equation is satisfied only for small angles, and
so0 §<2°10. Equations(35—(37) also show an additional
factor (¢8,2—1) ! in the frequencies of the two SESR and
modes. Due to this, the frequency upshift in SESR becomes
substantially larg¢34] as compared to the frequency of the (S)20=E5+E,(E,~E,)>0 since|E,|>|E,.
incident electromagnetic wave. The field amplitudes of
SESR can be determined by evaluating coefficienfse,, = For SESR-4,

(Sg)20=E4(E,+E;)>0,
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TABLE I. Numerical values of the ratios of the field componentsEgf, to the corresponding compo-
nents ofE,, for different sets of external parametéts, wq, Ny, andfBg.

Eo g Ng Bo (Ep)an/(Eg)oa  (Epaal(Ep2a  (Ean/(E)2a
(statvolts/cm (Hz2)
3X10° 5x10® 1.0025 0.9976 381074 8.3x10° 16 4.98<10°4
3x10° 5x10*° 1.15 0.8697 2.6810°° 4.13x10° Y7 3.68x10°°
3 5x 10 2 0.5001 4.%10°2 1.25x10 5.7x 102
3 5x10° 1.00025 0.999 85 222104 5.2x 10716 3.1x10°4
(Sp)m:—{Eiﬁ E.(E,+E,)}<0, performed, may give higher modes lik€)6 8(), etc., but

with rapidly decreasing field amplitudes.

(Sp)aa=E4(E,—E,)<0 since|E,[>|E,|, V. GRAPHS AND CONTROLLING PARAMETERS

As the effect of SESR can be observed experimentally
and may be of use in obtaining coherent radiation in the
' L frequency region not covered by existing sources, it is of
We note that the fields of SESR2are similar in sign to pr;cticalyimp%rtance to study thile variati%n of SESR with
CR-like fields with only the componerti,, extra and so its  gifferent external parameters controlling the effect. There-
Poynting’s vector also has a positive compongptextra. fore, we have scanned the entire feasible ranges of the pa-

Further, as in normal CR, for CR-like SESR andS, are  rameters where our approximations maybe valid and have
both positive and for SESR¢Rall three components @are  calculated the SESR field components. We have considered
positive, while for SESR-Q only (S,)40>0. Therefore we the values of the parameters in the rangesE3<3
see that CR-like SESR is the same as normal CR with only 10° statvolts/cm, 5 10’< wy<5X 10*°Hz, and 1.000 25
the amplitude changed. But the SESR-2s different. It <ny<®6.
gives radiation of upshifted frequency componefX 2on- As u=Bony—1, by choosing 10°< <1071, we have
fined to the CR cone, with an additional component of radia-determined alloweg3, values for a givemg, by using
tion in the ¢ direction. The SESR@ is quite different. It <10 °. For different sets of values 98, Eo, Ny, andwy)
gives radiation of upshifted frequency componefitgropa- Wwe have determined the values of the paramedeasd b,
gating only in thez direction. Thus we see that due to SESRevaluated the constants—a,,, and hence obtained the val-
energy is radiated in the CR cone for SESR;2nd in the ues of field strengths of SESR components by using Egs.
(longitudina) z direction due to SESR&. So the SESR@  (35—(37). Our numerical calculations give the following
mode is highly directional. The remaining components of theconclusions. . _
Poynting’s vector, which are negative, supply energy to the (1) For anyEq andn, (within the above ranggsthere is
electron beam. Thus the electron beam absorbs energy frofff €ffect forw<5x10"Hz.
the incident electromagnetic wave and emits it in the form of (&) For weak fields (3<E,=300 statvolts/cm) the effect
SESR which is indeed enormously amplified, exponentially’S Possible for all dielectricegaseous, 55’°|'d’ and liquicind
growing electromagnetic radiation containing largely up-0" @o lying in the wide range 16-10°Hz.
shifted frequency componentas compared to the frequency (3 For ~ stronger  fields (& 10°<E,=<3
of the incident electromagnetic wavaQ) confined to the CR ><105.sta.tvol_ts/cm). the effect is possible only for gaseous
cone and @ which is highly directional. and liquid dielectrics gnd not for solids, fary lying in the

From Egs.(35)—(37) and (26)—(28) it is clear that the narrow range 1§-10°Hz. _
first-order effect is given by the terms containimgwhile the In Figs. 1-10 we have presented our results graphically.
second-order field effect is shown by the terms contaibthg W€ 2have expressed all the field components in units of
and a. In order to separate the second from the first-ordef/2¢", SO that a comparison is easy. In Fig. 1 we have shown
effect we puta=0=b? in Egs. (35—(37) and see that ob- the gorrectness of our approximation by plotting the ratios of
taining radiation of frequency(2 (i.e., SESR-R) is a first-  the important parametei; /Vo, Bj, anda/b forzdlfferent
order effect, while getting SESRMand CR-like SESR are Values of u for Eq=3 St"i‘tVOHS/Cm!_“’0:5><2101 Hz, aﬁnd
second-order effects. No field effect is just the normal CRNo=1.544. In the entire range of (i.e., 10 °<u<10"),

We further find the ratios of the field components for CR-Vi/Vo~10"°% B;~10"° a/b~10"". These values show
like SESR to be E,)cruke!(E)cr=L1,(E,)crike/(E,)cr that we are right in taking as the second-order parameter
<1, for the entire range of external parameters. Fo@ndb as the first-order one, while retaining terms linearin
SESR-4) and SESR-2 we calculate the ratios of the field and second order ib and neglecting all higher order terms
components for four typical dielectrigolid, liquid, and  like ab, a% b’ etc.
gaseousand show them in Table I.

The numerical values in the Table | clearly show that the
second-order field effects are quite small compared to the In Figs. 2—-4 we have shown the dependence of the elec-
first-order effects. Therefore, higher order calculations, iftric field components of SESR on the paramegi(which is

(S)an=E5+E,(E,+E,)>0.

Bo variation
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E FIG. 1. Variation of the ratios
8107k - of the parameter¥;/V,, B;, and
:’E: I b ] a/b with respect tou, for E,
g / (@/b) ] =3 statvolts/cm, wo=5

N 4 X 10*2Hz, andn,= 1.544.
-7 R N il R | R R it
" 107° 107° 10" 107 10
n

also a measure of the electron enérgyor E,=3 CR-like components increase. The initial incre@sben just

X 10 statvolts/cm, wy=5X% 10°Hz, and n,=1.0025. We above the thresholds faster than the later one.

have shown the variation of the electric field components of Figure 3 shows that all three componentsef, decrease
CR-like SESR in Fig. 2, SESR¢Rin Fig. 3, and SESR4 as B, increases. Larger values B, can be obtained as we

in Fig. 4. Here we need to choog&,>0.9975. Figure 2 approach nearer to the threshold of superphase motion. In
shows that E,)crike @lways exceeds the corresponding units ofe/2c?, (E,)20~107°-10%, (E,)20~10**-10", and
(E)crike COmponent. In units of €/2¢? (E,)crike (Eg)20~10—10°  showing that E,)»0=(E;)20
~10°-10" while (E,)crike~10°—1C°. As B increases the > (E,),q . Therefore for SESR-Q(E,),q is negligible.

4

10 r 1 1 T T .‘> 1 gl>
(Ep)CR—Iike
10° E
[2]
c
[
é FIG. 2. Componentwise varia-
g , \ tion of the electric field of CR-like
S0 (€ ))choiie E SESR,Ecgiike, in Units of e/2c?
'g with respect tog,, for Eo=3
2 X 10* statvolts/cm, wo=5
w’ X 10**Hz, andn,=1.0025.
10" E
100 1 1 1 ' 1
0.9974 0.9976 0.9978 0.998 0.9982 0.9984 0.9986
B
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Figure 4 shows that all three componentdgf, decrease (E,)s0~ 10'-10F,

B
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FIG. 3. Componentwise varia-
tion of the electric field of SESR-
2Q, E,q, in units of e/2c? with
respect to By, for Ey=3
x 10* statvolts/cm, wy=5
X 10" Hz, andny=1.0025.

showing that E) 40> (E))sq

as By increases above threshold. As we approach closer t& (E,)4q . Therefore, for SESR# only (E,) 4o needs to be
the threshold value, larger values®f, can be obtained. In considered, while for SESRER both componentsK)),q

units of e/2c?,(E,) 40~ 10"-10%, (E,)40~10°-10", and

and (E,),q are important.
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1020 :_
|23
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c
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100 1 ] I ] 1
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0
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FIG. 4. Componentwise varia-
tion of the electric field of SESR-
40, E,q, in units of e/2c? with
respect to By, for Ey=3
x 10* statvolts/cm, wy=5
X 10" Hz, andny=1.0025.
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x CR-like 1: p~component

* SESR-2Q 2: z-component
o SESR-4Q 3: ¢~-component
Solid (n, = 5) Liquid (n = 1.15) Gas(n  =1.0025)
10°f N " T FIG. 5. Componentwise varia-
; tion of all the electric fields of
e SESR Ecriike: E2q, andE,q , in
10%° r 1 units of e/2c? with respect toB,
(1) for solid with ng=5, E,
2 2 =30 statvolts/cm, and wy=5
@ 107 [ ] X 10" Hz; (2) for liquid with ng
é =1.15, E;=30 statvolts/cm, and
S 1ol f ] wo=5%X10Hz; and (3) for gas
o with ny=1.0025, Eo=3
1 X 10* statvolts/cm, and wy=5
10"t - &\&Hﬁ X 10'°Hz.
10° i ]
0 3 A . . . .
18.1998 0.2008 0.2018 0.87 0.875 0.88 0.9975 0.998 0.9985
B,
Figures 3 and 4 also show thatEjf.q/(E,).q g variation

~107°-10"3, (E,)40/(E,)20~10"" (E4)aa/(Ey)20 _ _ o
~10 5-10 4. Therefore the second-order effect of getting In Fig. 7 we have shown the componentwise variation of
SESR-4) is quite small(at least three orders of magnitude all the electric fields of SESR, VizEcr.ike, E20, andEsq,
les as compared to the corresponding first-order effect off Units of e/2c with respect towy in Hz, for Eg

getting SESR-Q. = 3 statvolts/cm,ng=1.025, andB,=0.9854. It shows that
In Fig. 5 we have shown the variation, at a glance, of alithere is no change in CR-like SESR ag is varied. Thep
eight components of SESR, Vicr e, Epq, andE,,, andzcomponents of SESRERremain the same while it$

with respect to B, for (1) a solid (,=5) with E, component decreases. But all the components,gfshow a
=30 statvolts/cm,we=5X 101Hz: (2) a liquid (ng=1.15) linear decrease a®, is increased. Thus as we go from the
with E—30 statvolts/om wg=5% 108Hz: and (é)) a gas OPlical to the microwave region SESR¥2remains un-

(no=1.0025) with Ey= 10 statvolts/cm, wy=5X 10 Hz. changed, but SESR gives a greater contribution in the

. ; . microwave region than in the optical region.
side by side, for easy comparison. All the components ap- g P g

pearing in Fig. 5 show behavior similar to that described in

Figs. 2—4. Figure 5 shows that for a solgh=0.2, for a ng variation
liquid B,=0.865, and for a gag@,=0.9975. Therefore for
solids the effect can be obtained for quite small valuegpf In Fig. 8 we have shown the componentwise variation of
with weak fields(~30 statvolts/ch the electric field of SESR, VizEcg.jke; E2q, andEgq in
units of e/2c? with respect ton,, for Eq=3 statvolts/cm,
E,, variation wo=5X10"Hz, andu=5x10"°. CR-like SESR shows

a very small linear reduction while all other components

In Fig. 6 we have shown the componentwise variation ofshow an increase with increase m,. SESR-Z) and
all the electric fields of SESR, VizEcg.jike, E20, @ndEsq,  SESR-4) show a very fast rise in the field components up to
in units of e/2c? with respect toE, in units of statvolts/cm, ny<1.2. For larger values ofi, the increase in the field
for ng=1.0025,w,="5x10"Hz, andB,=0.9975. It shows components is slower.
that CR-like SESR is not changed Bg is varied. AsEy is In Fig. 9 we have shown the variation of the ratios of the
increasede,, andE,q also increase but the increase in all electric field components d&,(, to the corresponding com-
the components o, is the same. All the components of ponents ofE, with respect tou, for Ey= 3 statvolts/cm,
E,q also show the same increase, but the increase of the,=5x10'2Hz, and ny=1.544. It shows that
components oy, is more than for those dEyg . Thisis  (E,)an/(E,)20~10"",  (Epsa/(E)20~10"%  and
quite right since gettinge,(, is a second-order field effect (E¢)4Q/(E¢)ZQ~1O‘2—1O‘3. Therefore we can say that
while gettingE,, is a first-order one. the first-order effect of getting SESR2dominates over the
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x CR-like ' 1: p—component

* SESR-2Q 2: z-component

o SESR-4Q 3: ¢—component
10% ,
10 | ]
1020 L _.

FIG. 6. Componentwise varia-
tion of all the electric fields of
SESR EcR.jikes E2q, @andE,q , in
units of e/2c? with respect toE,
in units of statvolts/cm, forng
=1.0025, wo=5%x10"Hz, and

-
o,
@
T
-
1

E-components
3,
o
—
1

2
Kt

Bo=0.9975.
o [ /e/ 4
10 G/ 2/ ]
107° - —4
10—10: Lt il al st
10° 10’ 10° 10° 10* 10°
E
]
second-order effect of getting SESR:4 (E,) crike/ (E,)cr=1 and €,) cruiikes/ (E) cr=1. Therefore

In Fig. 10 we have shown the variation of CR-like SESRCR-like SESR never exceeds the corresponding normal CR.
with respect toB,. To compare it with the normal CR we Very near to the threshold (0.16663,<0.1668) there is a
have expressed the CR-like SESR components in units of thmaximum reduction in CR-like SESR, which is0.12%.
corresponding CR components. Figure 10 also shows thdthus normal CR is almost unaffected.

x CR-like . 1: p-component
* SESR-2Q 2. z-component
0 SESR-4Q 3: ¢-component

i 1
20[ /

107 -

r 2
10" \ ] FIG. 7. Componentwise varia-
1 tion of all the electric fields of
i SESR Ecruiikes E2q, andE,q , in

units of e/2c? with respect tow,
in Hz, for Ey= 3 statvolts/cm,n,
=1.025, andB,=0.9854.

o
*
K
E 3
E 3

E:components
oo-

Z//w

\
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x CR-like 1. p-component
* SESR-2Q 2: z-component
o SESR-4Q o 3: ¢-component

1030 T T T T T T T T T T
N 1
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b 5::::_:—'—.% FIG. 8. Componentwise varia-
107 tion of all the electric fields of
g 105k units of e/2c? with respect tong,
5 b for Egy=3 statvolts/cm, wy=5
g X 10" Hz, andu=5%x10"°.
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FIG. 9. Variation of the ratios
of the electric field components of
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0.9998 - .
o E)cpikeEdon o )
»  0.0096L X (E)cnike/Epcn | FIG. 10. \/_arla}tlon of the ratios
k] d of the electric field components
2 (Ep)criike! (Ep)cr _ and
:T_’_) 000041 ) (EZ)CR»Iike/(_EZ)CR with respect to
. Bo. for Eq=300 statvolts/cmwg
=5X10"%Hz, andny,=6.
0.9992| .
0.999 .
o
09988 | ] 1 1 1 1 1 1 1
0.1666 0.1668 0.167 0.1672 0.1674 0.1676 0.1678 0.168 0.1682 0.1684
B0
VI. SUMMARY AND CONCLUSIONS the threshold of superphase motion.
S (3) Our results can provide the field strengths of SESR
vmmary exactly

Our rigorous classical relativistic second-order calcula- (4) Our graphical results provide the variation of SESR
tions have shown that SESR indeed gives out exponentiallyith respect to all the external parametgks, Eq, wg, and
growing, highly directional, enormously amplified electro- n, governing the process and hence can be used for their
magnetic radiation of greatly upshifted frequency compo-election to perform experiments.
nents viz., 2 and 4) (where 16=<0Q/w,=<10'), propagat- (5) The results obtained are of importance in achieving a
ing nearly along the direction (within the cone of angl®  tunable source of coherent radiation in the frequency region
<2°10). The 2) component is due to the first-order field not covered by existing sources.
effect and the  is because of the second-order field effect.  Since these second-order calculations have revealed many
The 4) component is much smaller in amplitudi®y at least  interesting and useful results, further calculations for the dis-
two orders of magnitudethan the 2) component. Therefore, persive dielectrics are necessary for more realistic situations.
if higher order calculations are performed, we expect to obStrictly speaking, the assumption that the electron’s velocity
tain higher frequency modes with successively rapidly deis constant is not true. Because of unwanted processes like
creasing amplitudes, i.e., the third-order effect may give &cattering, excitation, ionization, etc., the electron loses en-
6Q component, fourth-order may give afl8component, ergy and does not remain for a long time in phase with the
and so on, but their amplitudes will be successively smallerwave. In order to minimize these losses, the electron can be
As the second-order calculation was quite involved, in ordepassed parallel to but just above the surface of a dielectric
to check whether or not it gave any interesting results theind so the situation of a semi-infinite dielectric may be of
simplest situation of a dispersionless dielectric was chosen. [ractical importance. Work in this direction is in progress
indeed resulted in the following interesting conclusions. and results will be communicated elsewhere.
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characteristics of SESR, namely, directionality, coherence,
orders of magnitude enhancement over ordinary CR, expo- APPENDIX A
nential growth, and a large upshift in frequency as compared
to the incident electromagnetic wave in the most sensitive Substituting from Eqs(6)—(9) in Eq. (5) and writing the
region, which is just abov@.e., very much in the vicinity of  resulting equations componentwise we 4]
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F.=0, (A1)
nol}z d
Fy=—eByel 1+ ——|= g; (yMovy), (A2)
eye d
Fz:TEinovy:a("}’movz)- (A3)

Substituting for the velocity components using Ef0) and
keeping only the first-order terms jm [37] we get

No MU
y= 1+ }
nS—l{ ng—1

(A4)

Using EQgs.(10) and (A4) in Egs. (A2) and (A3), keeping
only the dominant first-order terms jin, we get

du,__dg +20 A5
rTo ;sm(d;o t), (A5)
du, .

at = ny Sin( g+ 2Q0t), (AB)

where

. eEoy(no—1)*"
B maC ’

g 2eyeEqyng—1

MmeC

and the initial phaseby=Kkgzg.
Integrating Eqs(A5) and(A6) with respect td and using
the initial conditiong 38] we get

uy:msin 20t, (A7)
fd
u,=1+ W(costﬂt—l). (A8)
Substituting Eqs(A7) and (A8) in Egs.(10),
cd
UVZ_ZQnOSInZQt’ (A9)
v,=vgtuvs, (A10)

where vo=(c/ng)(1+ u) and v, =(cfd/1602n)(cos At
~1).

APPENDIX B
E, component

To calculate thée, component from Eq25a we use the
relation (25b) and combine the¢, part of thej, term[given
by Egs.(22) and(23)] with thek,p term, and calculate thig
part of thej, term[given by Eqs.(22) and(24)] separately.
Substituting the value ob(k,w) from Eq. (20) andj; from
Eq. (24) in Eq. (259 we write theE, component as

(E))=(Ez)1t(E;)2, (B1)
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where
—ievy &
0 | if2
(Ep1 277202|,m27me
o0 27 + oo + o
xfo kpolkpf0 dqsf_mdsz_m do
><ei[wtikppCosw)idﬂ)ikzZ]Jl(bkp)\]m(a-kz)
Kool — 20142 1-c?k,/vpew
X oo ko= 20(1%2m) S 7 77
(B2)
and
—ieaQ < _
(Epo= 202 I,mzfoc elm’2

0 2 + o +o
xf kpdkpf dgbf dsz do o
0 0 —© —®©

Jl(bkp)Jm(akz)

X gi(t=Kypcodd—¢")—kz)| Z -~ L T " 27
k2 +k;— ew?/c?

X[S(w—kpi—2Q(1+2m+2))

+8(w—kph—20(1+2m—2))]. (B3)

To perform the multiple integrals appearing in E¢R2)
and (B3) we evaluate first the integral with respect ¢oas

(5]

2m . '
f do e ikpp codp—a') ZWJo(Pkp)v (B4)

0

and then do the integrals with respectkipusing the prop-
erties of thes function (which imply that the integrands will
contribute only for particular values df, specified by the
arguments of thes functions appearing thereinThe inte-

grals with respect t&, performed lasf39] are found to be of
the type[40]

H{?(pB)J,(bB), ReB>0,

(B5)

foc k,dk,Jo(pk,) In(bk,)
0 k>—B?

wheren=0,1,2,... andH{?)(pB) is the Hankel function of

the second kind. In the present second-order calculations, we

neglect higher order terms ia?,a%,... andb® b%,... while
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retaining terms containing, b, andb? in the integrated ex-
pressions derived from Eq$B2) and (B3) by using Egs.
(B4) and(B5). As J,(bB)(bB)'/I!, it is enough to take the
contributions froml=0,=1,+2 andm=0,*1 terms out of

2
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infinite sums with respect tbandm appearing in EqsB2)
and (B3). Thus after performing the multiple integrals ap-
pearing in Eqs(B2) and(B3) and summing with respect to
in the integrated expressions we get

e . c%kg B c?Kk 5
(Ei=52 2 f wdwe'wt((l—,— Jn(ako)Jo(bAHE (pAo)e 'W—(l—,—+ Jn(aki2)J2(bA.2)
m=0,+1 Vg€w 0€
(2) —ik Czk*Z (2) —ik_,z
XHg ' (pAi2)e Frzz—| 1— > Im(@k_2)Jo(bA_2)Hy (pA_z)e -2
0
. c’k . ck_
+e ™ | 1- 2|3 (aky 1) Ia(bAL DHP (pA L e e+ | 1- |3 (ak_1)I1(bA_y)
V€W V€W
><H32>(pA_1)eiklz” (B6)
and
:eaQ i ot (2) —ik,z (2) —ik_,z
(B2 ol A o do e {JIn(ak,2)Jo(bA)H (pA)e +JIm(ak_2)Jo(bA_2)HG (pA_o)e
o m=0,x
—Jn(ak’ ) Jo(bA, ) HP (pA’ p) e Kra?— 23, (aky) Jo(bAg HP (pAg)e ko= J(ak! 5)J5(bA )
XHP (pA pe 22+ e ™7 3, (ak) )3y (DA, YHP (pA] e~ K7+ 3, (ak_1) I (bA_HEP (pA_y)e k12
+Jm(ak, 1)1 (bA, DHP (pA, 1)e K124+ 3, (ak! 1) Iy (DAL DHEP (pA” e 7], (B7)
where
w—4mQ €w?
0= Ué ’ A(Z)_ CZ _ké'
w—4mQF2Q ) €w? )
Kiq= 7 ) 1= k&g,
UO C
K _w—4in4Q ) _ewz 2
+27 U(,) ’ 27 CZ *+2
, _w—4mQIGQ A,Z_ewz 2
+17 vé ) :1_?2_ +11
w—4mQ F8(Q) ) €w? )
L= . A=k
+2 vy +2 CZ *2

Comparing term by term and appropriately combining EB§) and(B7) and rearranging we get from E@1) the following

equation for theE, component:

e . ) c?
Er0=52 2> J  dow €| J(ako) Hg >(pAo>[(1— =

_(1

2a()
Ja(bA )+ —=Jo(bA_»)

Uo

?K+ 2

xe ot g (ak, ) HEP (pA.2)

QEW

2

ck_,
1- 7

Uofa)

X

06

2aQ)
Ja(bAL o)+

4

ko aQ)
—,Jz(bAo)}
Vo

) Jo(bAg) —

w

Jo(bA, ) |e” 2%+ I (ak )HEY (pA )

’
0

ez 225 k) 3(bAL YHP (A e Ko
v mldRi2)d2 +2/Mo (PAL2
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+Jm<ak’2)J2<bA’2>H<02><pA'2>e“k'zZ]+e‘<“”2>[Jm(akﬂ)Hg”(pAmJl(bAH)

-]
+l1-
Vp€Ew

HE (A )1y (bA, e Kozt 222 3 al JHP(pA” P Iy(bA! ek sz
XHg (pAL1)J1 (DAL e Mt o Im(akl)Hg (pAZ1)J1 (DAL )e ™17 |
0

2a()

!
Uo

X e K+1z 4 Jm(ak_1)HE)2)(PA—1)Jl(bA—1)
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2a()

!
Uo

+|1

C2k+1)

Vo€EW

ik 2aQ) ,
e k124 ——J,(ak. )
Vo

(B8)

We calculate then=0 andm= =1 contributions separately From Eqgs.(B10) and (B11) we observe that the integral

from Eq. (B8) using

ak
Jo(akg)~1, Ji(ak)~ X

b2A2> (bA)?

Keeping terms linear it anda and second order ibh while
neglecting terms of the order ab and then comparing and
appropriately combining the terms in E®8), we finally get
Eq. (26) for the E, component.

Ep component

To calculate theE, component we use the relatig250)
and substitute the values gf(k,») from Eq. (21) and
p(k,w) from Eq.(20) in Eq. (259 to obtain

Ep:(Ep)l+(Ep)21 (Bg)

where

+ oo

—iebQ

Eoh=grze

elim2(-1)

I,m=—o

o0 2 + o0 + o
xJO kpdkaO dd)f_x dsz_w o do

Ji(bk,)Im(ak,)

X i[wt—K p cos(¢—¢’)—kzz]7_2—
€ ’ kp+kz—ew2/C2
X{S(w—kpg—2Q(l+2m+1))

— w—kph—20(1+2m—1))} (B10)

and

—ie = _ % 5 2 + o0 + o
_ i
(Ey)o=— |,m27w e fo kpdkpfo d¢>J7w dsziw do
Ji(bk,)Im(ak,)

X ei[‘Utfka 005(¢7¢’)7kzz]—
k> +k; — ew?/c?

X[ 8(w— Kb~ 2Q(1+2m))]. (B11)

appearing in this case is the same as that given by(E).
The integral with respect t&, can be performed using
functions. Thek, integrals appearing in E4B10) are again
of the same type given by E¢B5) while that appearing in
Eq.(B11) is different, containind’ (rather thark,), but can
be evaluated39] to get Eq.(27) for E, .

E 4 component

To calculate thée , component from Eq(253 we use the
relation(25d), substitute the value gf(k,w) from Eq. (20),
and obtain

+ oo

>

I,m=—o

o0 2 + o0 +
xJO kpdkaO dd)d)f_wdkzj_m do

Ji(bk,)Im(ak,)

2 2 212
kp+kz—ew /c

—ie )
— iml/2
Ey(r0) 2m%e €

% ei[wt—kpp cos¢p— ') —k,z]

X[ S(w—kvg—2Q(1+2m))]. (B12)
We first evaluate the integral with respectkpusing thes
function. We observe that in this case the integral with re-

spect tog is changed. Denoting it by, we write from Eq.
(B12)

2 . ’
= f beikop 03661 g (B13)
0

To evaluatd , we use Eq(19) to express the exponential in
terms of the Bessel functiady,(k,p) (which, being indepen-

dent of ¢, can be taken outside the integral with respeab)o

and obtain

+ oo

ly= 2 (=)"n(k,p)e "1,

n=—ow

(B14)

where
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which is evaluated for the# 0 andn=0 cases separatelyto ~ We convert the integrals appearing in Eq82)—(34)
obtain from (—o0,+) to (0,), combine theA. andA’. terms ap-
propriately, and use EqC3) to obtain the integrals

2
% for n#0
r_ — +oo
) 92 for 10 (B15) f dweiwt’HBZ)(pAi)eIiMQz/ué)
The integral With_respect tk, appearing iq Eq(B12) is _of 4 er\biartc, bit' 40z
the same type given by E@B5). Performing the multiple =— oS 5~ | (CH
integrals appearing in EqB12) with the help of Eqs(B5), \/l—\/a—l p ai Vo
(B13), (B14), and (B15) and retaining terms up to second
order[41], and properly simplifying, we obtain the, com- +oo ot L1(2 402l
ponent as given by Eq29). f_w o do € “UHEP (pA . )e (4020
APPENDIX C 2.ib, e\Puter  pt' 407
= sinf =—— ——1, C6
For integrating Eqs(32)—(34) with respect tow, we use (a,)%? 2a; v} ) (€6
the asymptotic form oH{?(pA), viz.,
. . +o . ’ . !
H(OZ)(pA)_> meﬂpAemM' (Cl) f dew gl ot HE)Z)(pAi)e+|(4Qﬂv0)
The first (CR-like) terms of Eqs.(32) and (33) can be >
integrated using tabld80] to give _ bi erVPiMarte cos( bt" 492) e
+oo NE Vi(ay)®? p 28, wg |’
wdwe't=—-— 5 ReL>0. (C2
fﬁw Jo vy L2 (C2 .
f odo eiwt’HE)Z)(pA:_)ALeIi(ZQZ/vé)e-T-»n-i/Z
The remaining SESR terms of Eq&2)—(34) can be inte- - .
grated using the well known approximation formyl29] _ —_—
given by the stationary phase meth@d] as - —|3’2b1( b} N ﬁ) 12 g P16 Fey/d
_ o |16, T 4 .
wad q)( )eif((u) 277(1)((1)(,)) eif(wé)+i17/4 (C3) b 20
w w :—’ - y t’ Z
w1 VI (wh)] X CO§ ——— ——|, (CY
4a]_ Up
wherew(, denotes the root of the equation
and
f'(wyg _af =0 C4
((1)0)_% - /_ ’ ( ) Tt - B L
=w] f dow elw’[ ng)(pAL:)A;e+|(202/v0)e+77|/2
which lies within the range of the integrationw{<w, .
<w,), and where the upper or the lower sign is to be taken 4i1?

in the exponential a$”(w() is positive or negative. Jan
If Eq. (C4) has no roots within the range of integration, 1

the integral(C3) vanishes in the first approximation. Equa- (CY

tion (C3) is valid under the condition that'() goes through

a large number of periods within the range of integration,Using the integral§C2) and (C5—(C9) we evaluate all the

while ®(w) changes comparatively slowly and the value ofintegrals appearing in Eq$32)—(34) and obtain the final

" (w){F"(wf)} 2 is small. result given by Eqs(35)—(37).

16a, 4 P

b% Cl)l/Zep\/biIIGalJrclM _ (blt' ZQZ)
Sin .

4a1 Ué
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